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Abstract
We show that every n-vertex, d-regular graph of girth at least 5 con-
tains an induced matching of size at least Ω((n/d)(log d/ log log d)).
An induced matching in an undirected graph G is a matching M where no
two edges in M are connected by a third edge. Induced matchings have re-
ceived attention in several contexts such as radio networks and parallelilazation
capacity of neural systems. One observation is that random or pseudorandom
architectures that contain large induced matchings are useful for interference-
free processing [ARS+17]. There has also been recent interest in approximation
algorithms for induced matchings [CLN13].
Induced matchings bear similarities to independent sets in graphs. It is easy
to see that a graph of average degree d has an independent set of size at least
n/(d + 1). This cannot be improved in general, as shown by the Tu´ran graph:
n/(d+1) cliques of size d+1. A classical result of Ajtai, Komlo´s, and Szemere´di
[AKS81] (see also [She83, AS04]) is that an n vertex triangle-free graph with
average degree d contains an independent set of size Ω((n/d) log d).
Can we leverage the absence of short cycles to obtain a similar result for the
existence of large induced matchings? As the star shows, we need to concentrate
on regular (or nearly regular) graphs. Furthermore, there are n-vertex triangle-
free regular graphs not containing an induced matching of size larger than n2d
(for example, a disjoint union of complete bipartite graphs each of size 2d).
What about lack of larger cycles? We first have:
Theorem 1. If G is an n-vertex d-regular graph with girth at least 7, then it
must contain an induced matching of size Ω((n/d) log d)
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Proof. It an easy consequence of Vizing’s theorem that an n-vertex, d-regular
graph must contain a matching of size at least dn/(2d + 2) ≥ n/4 [Yus13].
Choose a matching M of size n/4 and consider the subgraph G′ of G induced
by V (M). Let GM be the graph obtained from G
′ by contracting the edges of
M . Note that GM has average degree at most 2d and is triangle free. Hence, it
must contain an independent set of size Ω((n/d) log d), which implies that GM
has an induced matching of the same magnitude.
We observe that the bound Ω((n/d) log d) for graphs of girth k > 3 cannot
be improved in general, as a (sparse) random graph with d = np has a maximal
induced matching size O((n/d) log d) [CDKS20] with high probability, and also
has o(n) short cycles.
Next we show that a slight elaboration of the same basic argument applies
to girth at least 6.
Theorem 2. If G is an n-vertex d-regular graph with girth at least 6, then it
must contain an induced matching of size Ω((n/d) log d).
Proof. Construct GM as in the proof of Theorem 1. We claim that, for any
vertex v ∈ V (GM ), the graph Gv induced in GM by the neighborhood N(v)
of v is bipartite. Recall that v corresponds to an edge e of the matching M in
G. Label the vertices of e as vr and vl. Partition the vertices of N(v) into Nr
and Nl, assigning a vertex u ∈ N(v) in Nr if the corresponding edge in M is
adjacent to vr, and assigning u to Nl if the corresponding edge is adjacent to
vl. Since G has no cycles of length 3 or 4, this is a partition. Now observe that
any edge between a pair of vertices in Nr corresponds to a cycle of length at
most 5 in G. Hence, all edges in Gv are between vertices of Nr and Nl.
Alon [Alo96] proved that a n-vertex d-regular graph such that the neighbor-
hood of every vertex is bipartite has an independent set of size Ω((n/d) log d).
Since independent sets in GM correspond to induced matchings in G, this fin-
ishes the proof.
Our main result is a slightly weaker bound for graphs of girth at least 5.
The key structural fact that we exploit is that a graph of girth at least 5 does
not have a connected matching of size 4. Recall that a matching M in a graph
G is connected if every pair of edges in M are connected by a third edge of G.
Lemma 3. A graph with girth at least 5 cannot have a connected matching of
size 4.
Proof. Suppose otherwise and consider a connected matching a, b, c, d where we
denote the one endpoint of x ∈ {a, b, c, d} by xl and the other by xr. For a, b, c
to be a connected matching of size 3 with no cycles of length less than 5 it must
be that these edges form a 6-cycle say al, ar, bl, br, cl, cr, or a cycle of length 5
connected to an vertex of degree 1. Consider the first case, d is connected to
both a, b. The only way it can be connected to them without having a cycle of
length less than 6 is for one endpoint of it (say dl) to be connected to al and the
other to bl or br. Then it is easy to verify that no matter how d is connected to
2
c, there must be cycle of length less than 5: a contradiction. A similar analysis
shows that also in the second case a connected matching of size 4 must incur a
cycle of length 4 or less, concluding the proof.
Here comes the main theorem.
Theorem 4. If G is an n-vertex d-regular graph with girth at least 5, then it
must contain an induced matching of size Ω((n/d) log d/ log log d).
Proof. Construct GM as in the proof of Theorem 1. Lemma 3 implies that GM
does not have K4 as a subgraph. Shearer [She95] (see also [BGG18]) showed
that any graph with maximum degree O(d) and no 4-cliques must contain an
independent set of size Ω((log d/d log log d)n). This corresponds to an induced
matching in G of the same magnitude, concluding the proof.
We do not know whether the (log log d) term in Theorem 4 is necessary. An
old and challenging question of Ajtai, Erdo˝s, Komlo´s, and Szemere´di [AEKS81]
is whether an n-vertex graph of average degree d that contains no K4 must
have an independent set of size Ω((n/d) log d). Resolving this question positively
would immediately remove the (log log d) term from Theorem 4, by the argument
above.
Finally we note that there is an efficient algorithm that finds an induced
matching whose existence is demonstrated in Theorem 1 based on the algorithm
of [She83]. The arguments in [Alo96, She95] are nonconstructive, hence it is not
clear whether there is an efficient algorithm for finding an induced matching
whose existence is proved in Theorem 2 and Theorem 4.
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